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We show that all 2 ® 4 states with strong positive partial transposes (SPPT) are separable. We 
also construct a family of 2 (g) 5 entangled SPPT states, so the conjecture on the separability of 
SPPT states are completely settled. In addition, we clarify the relation between the set of all 2 8 d 
separable states and the set of all 2 (g) d SPPT states for the case of d = 3, 4. 



(N 
O 

o 

Q 



^ : 

Oh- 



> 
00 

m 
(N 



X 



PACS numbers: 03.65.Ud, 03.67.Mn, 03.67.-a 

The notion of quantum entanglement plays a key role 
in the current study of quantum information and quan- 
tum computation theory. One of the central problems in 
the theory of quantum entanglement is to check whether 
a given density matrix representing a quantum state of 
composite system is separable or entangled. Let us recall 
that a state p acting on the Hilbert space Ha <8) "Hb is 
called separable if it is a convex combination of product 
states, that is, p = J^kPkPk Pk, where pk and pk are 
states acting on Ha and Hb, respectively 

There are two main criteria for separability: One cri- 
terion was given by Horodecki et al. using positive 
linear maps between matrix algebras, and this was for- 
mulated as the notion of entanglement witnesses i. An- 
other criterion, the so called partial positive transpose 
(PPT) criterion Q tells us that if a state p is separable 
then its partial transposition p'^^ l)p is positive, 

ft was shown by Horodecki et al. ^ that the PPT cri- 
terion is also a sufficient condition for separability in the 
system 2 (S) 2 and 2 3. For higher dimensions, this is 
not the case by a work of Woronowicz Q who gave an 
example of a 2 ® 4 PPT entangled state. Such examples 
were also given in Refs. 0, [llfor the 3 ® 3 cases, in the 
early eighties. See also Ref. Q for the 2 (g) 4 case. There- 
fore, it is important to understand which PPT states are 
separable and which are entangled. 

In this context, a subclass of PPT states, whose PPT 
properties are ensured by the canonical construction us- 
ing Cholesky decomposition, were considered in Ref. • 
Such states are called strong positive partial transpose 
(SPPT) states. Based on several examples of SPPT 
states, it was conjectured in [l3| that all SPPT states 
are separable. Unfortunately this is not true in general 
m ® n SPPT states with m, n > 2 since there exist en- 
tangled 3 (8) 3 states which are SPPT However, this 
conjecture is still open for 2 x d SPPT states. We note 
that 2 (g) c? systems are particularly useful since it allows 
us to determine a number of separability properties in 
the multiqubit case dlL, and were intensively analyzed 
in See also Ref. l3| in which it was proved that 

SPPT notion can be used for witnessing quantum discord 
in 2 d systems. 

In this Brief Report, we show that all 2(g) 4 SPPT states 
are separable, but the conjecture proposed in [l^ does 
not hold true for general 2® d systems with d > 5. This 



result displays the difference between the 2® d case and 
the general m®n one (m, n > 2), even difference between 
2(g) 4 and 2(g5 cases. We also clarify the relation between 
the notion of separability and the SPPT property. 

We begin with the definition of a 2 (g d SPPT state. 
Consider the following class of upper triangular block 
matrices X and Y: 
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where Xk and S are arbitrary d x d matrices. Then we 
say that a state 



X^X 



xlxi 



xlsxi 



xis^Xi xis^sxi + xlx^^ 



(2) 



with X defined in ^ has SPPT if p^^ = Y^Y with Y 
defined in dH). It is clear that p = X^X has SPPT if and 
only if 

xlS^SXi = xlSS^Xi. (3) 

We also note that p has SPPT if and only if (1(E)V)'' p{l(S) 
V) has SPPT with nonsingular d x d matrix. 

First, we consider 2(gd SPPT state p with r(x|Xi) = 
d, where r{X) denotes the rank of X. In this case, Xi is 
nonsingular, and so S is normal matrix by the condition 
([3]). Thus we have the spectral decomposition for S 
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where Pi's are rank one projections with X]i=i Pi ~ ^■ 
Then we can write 
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5^ S^S 



and we see that 
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is an unnormalized separable state. Therefore, we can 
conclude that 
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is separable since the second matrix in the righthand side 
is |1)(1| 8) xlX2, where |1) = (0, 1)*. Consequently we 
have the following. 

Proposition 1 Let p he a 2 ® d SPPT state of the form 
© with r{X\Xi) = d. Then p is separable. 

From the above Proposition, we obtain a sufficient 
condition for separability of 2 (g) c? PPT states p with 
r((0|/9|0)) = d. To see this, we observe the condition 
when such a PPT state is SPPT. Let p be a 2 (g) d PPT 
state of the form 



with Dk{S\^Sii + Sl^S2i)Dk = Dk{SiiSl^Jr Si2Sl^)Dk 
by the condition ([3]) . It is easy to see that p is unnormal- 
ized separable state if and only if the following reduced 
unnormalized 2® k state 



5t 



P = 
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St 



with r{A) = d. 



(4) 



From the PPT property of p, we see that both C — 
B^A~^B and C ~ BA^^ B'' are positive semi-definite ma- 
trices (see the Theorem 1.3.3 in Ref. Ts']). So we can find 
X2 satisfying the following condition 



C-B^A- 



'B = XIX2 



since A is a invertible positive definite matrix, 
have 



Thus we 
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where X^ = A^/^ = {A^f/^ B = {A^)-^/^ BA-^/\ 
Consequently, we have the following result from the con- 
dition ©. 

Corollary 2 Let p he a 2® d PPT state of the form (g]) . 
Then p is SPPT if and only if the condition B^ A^^B = 
BA^^B^ is satisfied. Ln this case, the PPT state p is 
separable. 

Now, we consider a 2(g)d SPPT state p with r(X|Xi) = 
k < d. Then we may write Xi — UY,V* for some d x d 
unitary matrices U, V and a diagonal matrix S of rank 
k with diagonal entries cth > 1722 > ■ • • > crkk > by 
the singular value decomposition. Thus p in ^ can be 
written by 

XlXi XlSXi 



p = 



xls'fXi xls''sxi + xlx2 
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where S 
matrices 



U^SU. Now, we write E 



(5) 

and S as block 
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where and 6*11 are k x k malices. Then we have 



[ys^y YS^SY 



Dl 







DkSnDk 
_ _ _ _ 

DkSnDk DkiS^Sii + SlS2i)Dk 
0/ 



_ _ ^^^^^^^ ^ 

DkSl^Dk Dk{Sl^Sii+Sl^S2i)Dk 



(6) 



is separable. We note that the above 2 ® k state is a 
PPT state, although it may not be SPPT. Therefore, if 
A; < 3 then we see that p is separable. In this case, we 
can conclude that p is separable in ([5]). Consequently, we 
have the following. 

Proposition 3 Let p be a 2 ® d SPPT state of the form 
(HI) with r{xlXi) < 3. Then p is separable. 

To answer the conjecture asked in [l^], we will show the 
following. 

Theorem 4 All 2 ® d states with strong positive partial 
transpose are separable if and only if d < A. 

Proof. By combining the Proposition 1 and 2, we see 
that all 2 (g) 4 SPPT states are separable. To complete 
the proof, we construct a 2 (g 5 SPPT state which is not 
separable. Define 5x5 matrices Xi and S by 
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where /3i =: 


[(1 - b)/2b] 


5 and (^2 = 
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with 

< 6 < 1. We also put X2 by 5 x 5 zero matrix. Then 
we define 2 g) 5 SPPT state go by Eqs. H]) and (H]): 
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where 71 = (6 -I- l)/(26), 72 = ^/W^/{2h), and dot(-) 
denotes zero. We note that the corresponding reduced 
2 g) 4 state as in ^ is the PPT entangled state given by 
Horodecki Therefore, we conclude that Qq is an en- 
tangled state with strong positive partial tranpose. This 
completes the proof. □ 

Lastly, for d — 3, 4, we show that the set of all 2 g) d 
SPPT states is proper subset of the set of all separable 
2 g) d states. To see this, we consider a 2 g) 3 state qi = 



3 



( P'') defined by 

\Pl2 P22J 

Pii= ^- 4 2^ ,pi2= • lj,P22=|^l 6 ij 

Then, we can easily check that four 3x3 matrices 

Pii, P22, P22- p\2PiiPi2 and y022 - Pi2PnVi2 ^^re all pos- 
itive definite matrices. Therefore, we see that qi is 2 (g) 3 
PPT state, and so qi is separable. On the other hand, 
we see that 

^ / 6 -6 -3\ 
P12P11V12 - Pi2Piip\2 = -6 . 

\-3 -4/ 

Therefore, qi is not SPPT by the Corollary [2j Now, we 
define 2 (g) 4 state p2 using the above 2 (g) 3 state pi as 
follows: 

(pii P12 0\ 
10 

" pl2 P22 ■ 
\ 0/ 



Then it is obvious that Q2 is separable. We can also show 
that Q2 is not SPPT by the Corollary [2] This completes 
the proof of claim. 

In conclusion, we showed that all 2 (g 4 SPPT states 
are separable. We also construced a family of 2g)5 SPPT 
entangled states using Horodecki's 2 g) 4 PPT entangled 
states. So the conjecture on the separability of SPPT 
states is completely settled. We also clarify the relation 
between the set of all 2 g) d separable states and the set 
of all 2 g) d SPPT states for the case of d = 3, 4. 
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